Abstract. We give a sufficient condition for a unital C*-algebra to have no nontrivial projections, and we apply this result to known examples and to free products. We also show how questions of existence of projections relate to the norm-connectedness of certain sets of operators.
Theorem 1. Suppose A is a unital C*-algebra and H is a Hilbert space with dimension at least κ(A). The following are equivalent:
(1) A is projectionless.
(2) There is a connected subset of Rep(A, H) containing an injective representation and a representation π such that π(A) contains no nontrivial projection. (3) There is a connected subset of Rep(A, H) containing an injective representation ρ and a representation π such that π(A) contains no nontrivial projection and such that ρ(A) contains no nonzero elements with rank less than κ(A).

Proof. (1) ⇒ (2). Since dim H ≥ κ(A), there is an injective element of Rep(A, H).
Hence any connected component of Rep(A, H) containing an injective representation will satisfy (2). (3) ⇒ (1). Suppose K is a connected subset of Rep(A, H) containing elements π and ρ as in (3) . Let B be the C*-algebra of all bounded continuous functions φ from
. Since {0} and {1} are maximal connected sets of projections in B(H), it is clear that φ must be a trivial projection. Hence B contains no nontrivial projections. However, if we define τ : A → B by τ (a)(σ) = σ(a), then τ is a *-homomorphism, and since τ (a) ≥ τ (a)(ρ) = a , we see that τ is injective. Hence A contains no nontrivial projections. Remark 2. The preceding corollary is particularly useful when the C*-algebra A is defined in terms of a generating set and relations on that set. In this case E(A, G, H) is precisely the element of x∈G B(H) that satisfies the defining relations. When A is finitely generated, E(A, G, H) can naturally be identified with a set of operators on the Hilbert space x∈G H.
The following examples show how we can apply our results to obtain known results. Later we shall obtain new applications.
Example 1.
We first obtain the result of Choi [1] . Let F be the free group with free generating set G, and let A be the group C*-algebra of F. Then φ ∈ E(A, G, H) if and only if φ(x) is unitary for each x ∈ G. Given such a φ, we can choose a function ψ :
. Hence {φ t } defines a path in E(A, G, H) joining φ to the constant 1 function whose generated C*-algebra is just the scalars and contains no nontrivial projections. Hence A is projectionless. [7] . Suppose n is a positive integer and A is the C*-algebra generated by G = {a ij : 1 ≤ i, j ≤ n} subject to the relation that the n × n matrix (a ij ) is unitary. In [7] A is denoted by U nc n . Then φ ∈ E(A, G, H) if and only if the matrix (φ (a ij )) = U is unitary in path in E(A, G, H) joining φ to φ 1 whose generated C*-algebra is just the scalars and contains no nontrivial projections. Hence A is projectionless.
Example 2. Next we recover results of McClanahan
Example 3. We now consider a result of [3] . Suppose G = {a i : i ∈ I} is a nonempty collection, {λ i : i ∈ I} is a collection of positive real numbers and A is the C*-algebra generated by G subject to the relations a i ≤ λ i for every i ∈ I.
Then {π t } is a path in Rep(A, H) joining π to π 1 , whose range consists of scalars and thus has no nontrivial projections. Hence A is projectionless.
We next show how our results apply to free products. Suppose {A i : i ∈ I} is a nonempty family of unital C*-algebras. The free product A = * i∈I A i is a unital C*-algebra containing i∈I A i (with the same unit) as a generating set satisfying the defining property: if H is a Hilbert space and, for each 
is projectionless, then * i∈I A i is projectionless. Proof. First note that none of the hypotheses are changed if, for some cardinal m, we replace all of the π i 's and ρ i 's with direct sums of m copies of themselves. Hence we can assume that dim H ≥ κ( * i∈I A i ) and that, for each i ∈ I and each nonzero x ∈ A i , we have rank(π i (x)) = dim H. We next choose a faithful representation τ ∈ Rep( * i∈I A i , H) such that, for every nonzero y ∈ * i∈I A i , we have rank(τ (y)) = dim H. For each i ∈ I let K i be the connected component of π i in Rep(A i , H). Then α i∈I K i is connected in Rep( * i∈I A i , H) and contains both * i∈I π i and * i∈I ρ i . However, it follows from the remark following Theorem 1 that τ |A i ∈ K i for each i ∈ I. Hence τ ∈ α i∈I K i . Now Theorem 1 applies and we conclude * i∈I A i is projectionless.
Remark 3. The fact that each π i is injective in no way implies that * i∈I π i is injective; for example, each π i could be the inclusion map into some tensor product of the A i 's. The condition on * i∈I ρ i holds if the range of each ρ i is the scalars. Hence if any tensor product of the A i 's is projectionless, then the free product is projectionless. The group C*-algebra of the free group on n generators is isomorphic to the free product of n copies of C(T) (T is the unit circle in C) and since the tensor product of these algebras is isomorphic to C(T n ), which is projectionless, we again obtain Choi's result [1] .
If A is a unital C*-algebra and n is a positive integer, Phillips [8, Section 1] defines a C*-algebra W n (A) so that if A is defined in terms of a generating set G = {a λ : λ ∈ Λ} and a set of defining relations R, the W n (A) is the C*-algebra with generators {b ij (λ) : 1 ≤ i, j ≤ n, λ ∈ Λ} so that the n×n matrices {B λ : λ ∈ Λ} satisfy the relations in R. Thus McClanahan's U nc n is W n (C (T)) . Note that if H n denotes a direct sum of n copies of H, then we can identify B(H n ) with M n (B(H) ). This induces a natural mapping β : π(a λ ) is the n × n matrix (β(π)(b ij (λ)) ). It is clear that β is actually a homeomorphism. There are cases in which A is not projectionless, but for which W n (A) is projectionless for some values of n. Proof. Since H is isomorphic to the direct sum H n of n copies of H, we can assume that π, ρ ∈ Rep(A, H n ). We can also assume, as in preceding proofs, that, for every x ∈ A, rankπ(x) and rank(ρ(x)) only take on values 0 and dim H. It follows from the assumption on ρ (A) that ρ is unitarily equivalent to a representation whose range is contained in M n (CI) (where I is the identity operator on H). Since the set of unitaries in B(H n ) is connected, we can assume that 
Corollary 2. If X is a compact Hausdorff space with m connected components and
Proof. We first show that if X is connected and H is any Hilbert space, then Rep(C(X), H) is connected. Suppose X is connected, x 0 ∈ X, and H is any Hilbert space. Define π 0 : C(X) → B(H) by π 0 (f ) = f (x 0 )I, where I is the identity operator on H. Suppose next that k ∈ N and Q = {Q 1 , . . . , Q k } is an orthogonal family of projections in B(H) whose sum is I. We define a map γ k,Q :
It is clear that γ k,Q is continuous and, since Rep(C(X), H) . However, it follows from the spectral theorem that H) is connected. Now suppose the connected components of X are X 1 , . . . , X m and y j ∈ X j for 1 ≤ j ≤ m. Let P j = χ Xj ∈ C(X) be the characteristic function of X j for 1 ≤ j ≤ m. Suppose H is an infinite-dimensional Hilbert space and π : C(X) → operator whose spectrum is X. Hence there is no Fredholm index obstruction to S(X) being connected.
3. One must be careful when defining C*-algebras with relations. For example, the C*-algebra generated by a with the defining relation that a is nilpotent or that the spectrum of a is {0} does not qualify since neither of these relations is closed even in the presence of a norm boundedness condition. For a precise discussion of defining relations, the reader can consult [5] .
4. In Corollary 2 what happens when n < m? If m = 2, and n = 1, then W n (C(X)) is just C(X), which contains a nontrivial projection. What if m = 3 and n = 2? A general question related to this one is: If A is a unital C*-algebra, n ∈ N and M n (A) contains n + 1 nonzero mutually orthogonal projections, must A have a nontrivial projection?
5. If A and B are projectionless unital C*-algebras, is their minimal tensor product projectionless? An affirmative answer to this question would imply that the free product of projectionless C*-algebras is projectionless.
